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Abstract—The intentional and unintentional radiations are
of great importance to electromagnetic coupling and radiation
problems in both high and low frequency regimes. However,
conventional computational methods emphasize the port-to-port
performance instead of the detailed radiation mechanism that is
critical to designs and optimizations. In this paper, we employ
the PEEC method to quantitively analyze, model, and illustrate
how the energy is coupled and radiated. We also try to point
out, based on calculations, which part is a greater contributor
to the wanted or unwanted radiation. Employing the dynamic
Green’s function, the power terms associated with the inductive
and capacitive components in the PEEC model can be explicitly
extracted and categorized. Then the power relationship between
multi-radiators and sub-segmentations of a single radiator can be
analyzed clearly. How the partial elements contribute to radiation
and transmission powers is also demonstrated at the end of the
paper.
I. INTRODUCTION
Novel electronic devices and new artificial materials have
been surging in the past decade [1]. With the increasing density
of devices and bandwidth of the signal channel, the complexity
of ICs and related interconnects are becoming bottlenecks for
many high performance systems. Electronic design automation
(EDA) is indispensable for successful designs. However, mod-
eling of high speed signals in a complex environment is not a
trivial task. To make a tradeoff between speed and accuracy,
many empirical or theoretical approximations have been used
at different stages of designs.
Meanwhile, with the increasing speed, the radiation be-
comes more and more significant. It comes from all distribu-
tive structures and their combinations. Modeling the radiation
of IC interconnects is mostly ignored by signal integrity (SI)
and power integrity (PI) practices. Its analysis is also rarely
available in modern EDA tools.
However, conventional computational electromagnetic
methods seem not to be good enough to answer these
questions, either. So far, various methods of modeling
radiation EM methods have been developed based on
computational electromagnetics, such as method of moments
(MOM), finite element method (FEM), and finite difference
method (FD). Recently a full-wave solver has been developed
by using the augmented electric field integral equation
(A-EFIE) [2] for the low frequency regime. However, they
mostly focus on characterizing port-based properties such as
matching conditions, insertion losses, or they give general
efficiency descriptions and radiation patterns. However, it is
unclear how the energy is radiated and coupled from different
parts of the radiator. Although computational electromagnetics
based-algorithms are mighty enough to analyze very complex
problems, they lack the flexibility to do the radiation property
extraction.
The partial element equivalent circuit (PEEC) method,
which was proposed by Ruehli in the 1970s [3]–[5], is based
on electric field integral equation (EFIE) and provides an
equivalent circuit model for electromagnetic problems. After
nearly forty years of development, PEEC is now widely used
in various modeling applications. A vast category of PEEC
applications are for static or quasi-static problems. Under those
conditions, partial elements in PEEC are all real numbers
by ignoring the retardation. In the full wave regime, the
partial elements utilize the dynamic Green’s function that can
correctly count the radiation effects. In principle, PEEC is
capable of handling full-band problems. Because it properly
bridges circuit theories and electromagnetic analysis together,
and can help us in clarifying the radiation process modeling.
A study in [6] has proposed a new way of using the PEEC
method to decompose the radiation process and evaluate the
contributions from different radiators. It considers the retarda-
tion and thereby extracts all the real powers from the phaser
power representation. The self-radiation and power transfer are
separated by using self-partial elements and by coupling partial
elements. It properly splits the power composition within
radiators. Another recent work calculated the radiated power
for PCB [7] based on the port network parameters. It assumes
that the radiated power can be calculated using incident port
voltages and S-parameters. However, the current distribution
on the geometry and electric field cannot be quantitively
obtained from this port based method. In [8], a new radiation
calculation method was proposed using the retardation and
the reorganization of the partial components. It predicts the
Hertian dipole very well. However, it is difficult to be used
for large general structures.
In this work, we extend the partial element equivalent circuit
(PEEC) method to distributive radiation analysis in a method
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similar to [6] so that the radiation and coupling contributions
from each segment of the whole radiator can be singled out.
The distinct differences between this work and [6] are that
we derive more general power formulations with dynamic self
terms. And we analyze not only the coupling between radiation
objects, but also the coupling and radiation of different parts
of the same radiator. This work is valuable to electromagnetic
interference (EMI) optimization, noise coupling reduction, and
other IC and PCB applications.
The organization of the rest of the paper is shown as follows:
Section II will introduce radiated power analysis of PEEC
method; Section III demonstrates the real and complex mutual
impedances according to static and dynamic Green’s function;
Section IV combines circuit analysis with coupled radiators
together, to represent radiators in a new way; and Section V
investigates several benchmarks to verify the proposed idea.
Conclusions and discussions are presented at the end of this
paper.
II. RADIATED POWER ANALYSIS
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Fig. 1. An equivalent circuit model with a source.
Fig. 1 depicts a representative PEEC circuit model of cell
k and cell m. There are controlled voltage source on each
of the two inductive coupled branches k, m. They can be
approximated to be [6].
V Lk = jωLkmIme
−jKdkm , (1a)
V Lm = jωLkmIke
−jKdkm . (1b)
where dkm is the central distance between two inductive
cells k and m.
And for two capacitive branches k, m the controlled voltage
sources are
V Ck =
pkm
jω
ICme
−jKdkm , (2a)
V Cm =
pkm
jω
ICk e
−jKdkm . (2b)
where dkm is the central distance between two capacitive cells
k and m. ICm and ICk means current through the m-th and k-
th capacitive branch, respectively. The detailed demonstration
can be found in [6].
However, this method has a drawback. It does not take the
self-term radiation into account. It is accurate when two cells
are well separated. But for close and self-terms, it does not
work well. Meanwhile, the self-term is corresponding to a
Hertzian dipole [8]. Its dynamic property shall be presented
to model the retardation accurately.
Using the dynamic Green’s function, directly inside the
integration kernal, the above mentioned issue could be solved.
Partial inductances and partial coefficients of potential will all
become complex. Let L˜km represent the complex inductance,
and p˜ki represent the complex potential. The branch currents
Im and Ik are also complex currents in circuit m and k. Then
L˜km =
µ
4piakam
∫
ak
∫
a′
m
∫
lk
∫
l′
m
e−jK|r−r
′|
|r− r′|
dakda
′
mdlkdl
′
m,
(3a)
p˜ki =
1
4piSiSkε0
∫
Sk
∫
S′
i
e−jK|r−r
′|
|r− r′|
dSkdS
′
i. (3b)
where K here is the wave number. Then (1) can be rewritten
to
V Lk = jωL˜kmIm, (4a)
V Lm = jωL˜kmIk. (4b)
For self-terms, which has the radiation equivalent to a
Hertian dipole, we can set k = m in above equations to get the
needed self- complex partial inductances and partial potential
coefficients.
The power can be calculated from the complex node volt-
ages and the complex branch currents. The total complex
power of a pair of inductive branches k and m is
Skm =(Rk + jωLk)I
2
k + (Rm + jωLm)I
2
m
+ V Lk I
∗
k + V
L
mI
∗
m
(5)
where V Lk represents induced voltage sources on branch k,
and we have
V Lk I
∗
k = jωL˜kmImI
∗
k . (6)
Real part of the coupling power is what we want to be
concerned about. If the superscript “L” means inductive, PLkm
represents the radiated power transferred to cell k from the
inductive coupling with m. It is composed of two parts, PL,rkm
for radiation and PL,tkm for transmission. So does PLmk. Hence,
PLkm = P
L,r
km + P
L,t
km , P
L
mk = P
L,r
mk + P
L,t
mk (7)
According to energy conservation law, power transmitted from
cell m to cell k should be the same to the power transmitted
from k to m. If we assume the power leaving the conductor is
positive, they will have opposite signs. Hence, PL,tkm = −P
L,t
mk .
Similarly, for capacitive branch k and capacitive branch m,
we have
PCkm = P
C,r
km + P
C,t
km , P
C
mk = P
C,r
mk + P
C,t
mk (8)
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Also PC,tkm = −P
C,t
mk . The superscript “C” here means capac-
itive.
The total radiated power from two inductive cells m and k,
due to their mutual couplings, can be derived to be
P
L,r
km,total =Re(VkI
∗
k + VmI
∗
m)
=Re(ImI
∗
k ) · 2Re(jωL˜km).
(9)
Under certain circumstances, especially when the segmen-
tation cells are similar to each other, it is found [6] that kth
element’s radiated power due to the coupling from m is
P
L,r
km = Re(IkI
∗
m) · Re(jωL˜km). (10)
Consequently, the transmitted power between two cells
caused by inductive effect can be derived to be
P
L,t
km = Im(IkI
∗
m) ·Re(ωL˜km). (11)
The active radiated and transmitted powers due to coupled
capacitive branches can be derived to be
P
C,r
km = Re(IkI
∗
m) ·Re(
p˜km
jω
). (12a)
P
C,t
km = −Im(IkI
∗
m) ·Re(
p˜km
ω
). (12b)
where PC,rkm and P
C,t
km correspond to the radiated and trans-
mitted powers between capacitive cells k and m, respectively.
Ik and Im in Eq. 12 are currents through capacitive branches
k and m.
III. NUMERICAL EXPERIMENTS
In order to evaluate the performance of the proposed
method, two representative cases have been benchmarked.
Fig. 2. Geometry of two dipoles, and their power composition.
A. Two Dipoles
Two lossless, zero-thickness dipoles are both 2 meters long
and 0.1 mm wide. They are placed to be parallel to each
other. The central distance between them is also 2 meters. The
receiver is loaded with a 200 Ohm resistor and the transmitter
is excited by a lumped sinusoidal voltage source with the
amplitude VS = 2 Volt. The geometry is illustrated in Fig.
2.
Using the complex partial inductance and partial potential
formula in (3), the radiated and coupled powers can be
properly modeled based on the proposed method. Equation 9
to 12 have to be employed to extract different composition of
the power. There are several key elements in the power.
Here we define P tab as the transferred power from antenna
a to antenna b because of inductive, capacitive and radiative
couplings:
P tab =
∑
k∈Ma
∑
m∈Mb
P tkm, (13)
where Ma and M b are PEEC cells that belong to antenna
a and antenna b, respectively. P tkm is the power transferred
from cell k to cell j. Further decompose P tkm into parts from
inductive coupling and capacitive coupling, we have
P tkm = P
L,t
km+
1
4
(PC,tkm +P
C,t
k,m+1+P
C,t
k+1,m+P
C,t
k+1,m+1) (14)
The power radiated due to antenna a, b themselves and their
couplings are
P raa =
∑
k∈Ma
∑
m∈Ma
P rkm, (15a)
P rbb =
∑
k∈Mb
∑
m∈Mb
P rkm, (15b)
P rab =
∑
k∈Ma
∑
m∈Mb
P rkm. (15c)
where the power radiated by two PEEC cells is
P rkm = P
L,r
km +
1
4
(PC,rkm +P
C,r
k,m+1+P
C,r
k+1,m+P
C,r
k+1,m+1) (16)
To verify the accuracy of the proposed calculation process,
we need to compare their results with those obtained from
other methods, such as the power computed based on the
Ponying vector.
By PEEC, currents of each segment can be obtained first.
Then using the dynamic Green’s Function and Poynting vector,
the radiated power is calculated by the far field integration
equation. Fig. 3(a) shows a comparison for P rbb. Very good
agreement between the proposed method and the field equation
based method can be achieved. In Fig. 3(b), we can see that
the total radiated power P rbb is composed of two parts, P
L,r
bb
which is positive and PC,rbb which is negative. Consequently,
the radiated power demonstrates certain resonance properties
of the structure due to combined contributions from both
inductance and potential terms.
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Fig. 3. Radiated power from the second dipole.
Fig. 4. Geometry of two square loops. The length of each loop is 0.01 m
and the width is 0.0001 m. The vertical distance between two loops is 0.01
m with 1 V sinusoidal voltage source in the middle of one side.
B. A Pair of Coupled Loops
1) Two Loops’ Case: The geometry of two lossless loops
with zero thickness is shown in Fig. 4. The length of each loop
is 0.01 m and the width is 0.0001 m. The vertical distance
between two loops is 0.01 m with 1 V sinusoidal voltage
source in the middle of one side. Fig. 5 and 6 show the
comparison for P r of loop a and loop b calculated from
the field integral equation and the proposed method based
on (9) to (12). It is seen that by taking advantage of the PEEC
method, we can easily calculate the radiated power and their
comparison from loop a and b separately.
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Fig. 5. Radiated power of Loop a.
From Fig. 5 and Fig. 6 we can see that P r is composed of
two parts: PL,r which is positive; and PC,r which is negative.
The total summation of these inductive and capacitive effects
form the total radiation power. Fig. 7 shows the total radiated
power from Loop 2.
Each inductive cell and capacitive cell has its own radiation
effect. It is interesting to compare their contributions, which is
the sensitivity analysis of the power contribution from different
parts. As shown in Fig. 8, the inductive self-power is all
positive while the capacitive radiated power is all negative.
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Fig. 6. Radiated power of Loop b.
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Fig. 7. Radiated power at Loop b with different distances.
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Fig. 8. Self inductive and capacitive power.
By analyzing Fig. 8, the highest current corresponds to the
highest inductive radiation power. The highest node voltage
corresponds to the highest capacitive radiation power. This
means that the inductive cell that has higher current can
radiate while the capacitive cell that has higher voltage can
radiate more. And the total self and mutual radiation effects
of a complete cell are the radiation combinations from both
inductive cells and corresponding capacitive cells. The result
is shown in Fig. 9. The first 61 cells are for loop a and the
remaining 61 cells are for loop b. By doing this, radiated effect
of each inductive and capacitive cell could be calculated.
We can see that the self-radiated power in Fig. 9 and the ra-
diated power due to mutual couplings in Fig. 10 can sometimes
be negative. This is due to power oscillation between these
cells. By eliminating arbitrary inductive or capacitive cell, the
total radiated power would change due to loss of contributions
from those deleted cells. From Fig. 10, power contribution
distribution could be quantitively modeled. It shows the power
sensitivity of the system due to different distributive parts.
Hence, by using the proposed method, the power sensitivity
of a model can be conveniently computed and plotted.
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IV. CONCLUSION
In this paper, a general formulation for calculating and
decomposing the radiated and transmitted power based on
the retarded PEEC method is proposed. By applying this
method to the coupled or radiated objects, the power radiated
and transmitted can be easily calculated. The method can be
conveniently implemented since it is well connected to both
circuit theory and electromagnetic theory. Benchmarks have
demonstrated very good accuracy. This method is quite useful
in predicting the noise coupling of IC interconnect systems, the
electromagnetic interference diagnosis, antenna optimizations,
etc.
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